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Abstract
We show that bilinear pseudodifferential operators with symbols in the forbidden class are bounded
on products of Lipschitz and Besov spaces.
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1. Introduction
Bilinear pseudodifferential operators with forbidden symbols are known to be, in gen-
eral, unbounded on products of Lebesgue spaces. A counterexample which disproves the
boundedness from L2 × L2 into L1 can be found in [2]. It is then natural to ask whether
there are any possible substitutes of Lebesgue spaces for which one can obtain the bound-
edness of this class of bilinear pseudodifferential operators. In [2], the authors have shown
that if one replaces the Lebesgue spaces by Sobolev spaces with positive smoothness, then
such boundedness holds. The purpose of this work is to prove that boundedness of the
bilinear pseudodifferential operators with forbidden symbols also holds on products of
Lipschitz and Besov spaces. The results that we obtain give, in particular, the bilinear
extensions of some theorems due to Bourdaud [3,4] and Stein [11, p. 253], in the lin-
ear case. In our proofs we will employ the powerful decomposition techniques related to
Littlewood–Paley theory and time–frequency analysis which were developed by Coifman
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98 Á. Bényi / J. Math. Anal. Appl. 284 (2003) 97–103and Meyer [5–7]. We will reduce our problems to the study of bilinear pseudodifferential
operators with elementary symbols. In Section 2 we review some of the notation and we
present some of the tools we will employ in the subsequent section. The main results are
stated and proved in Section 3.
2. Notation and preliminaries
We will be working on the n-dimensional space Rn. We let D =D(Rn) and S = S(Rn)
be, respectively, the subspaces of C∞ = C∞(Rn) of compactly supported functions and of
Schwartz rapidly decreasing functions, with their usual topologies. Their duals are D′ =
D′(Rn), the set of all distributions on Rn, and S ′ = S ′(Rn), the set of all tempered distrib-
utions on Rn. We choose the Fourier transform to be given by fˆ (ξ)= ∫Rn f (x)e−ix·ξ dx .
The inverse Fourier transform of a function f will be denoted by fˇ .
A bilinear operator, a priori defined on the product of Schwartz spaces S × S into the
space of tempered distributions S ′, can be realized (at least formally) in pseudodifferential
form, via the symbol of the operator,
T (f,g)(x)= Tσ (f, g)(x)=
∫
Rn
∫
Rn
σ (x, ξ, η)fˆ (ξ)gˆ(η)eix·(ξ+η) dξ dη. (1)
Certainly, the product of two functions (σ(x, ξ, η)≡ 1) is an example of these operators
that motivates some of the estimates one can expect. Another relevant example is provided
by the bilinear differential operators with variable coefficients; see [1, pp. 32–34].
In what follows we propose the study of the boundedness properties of pseudodiffer-
ential operators with symbols in the forbidden class BS 01,1. For any three real numbers
ρ, δ, and m, we denote by BSmρ,δ (B stands for bilinear) the class with symbols satisfying
estimates of the form∣∣∂αx ∂βξ ∂γη σ (x, ξ, η)∣∣ Cαβγ (1+ |ξ | + |η|)m+δ|α|−ρ(|β|+|γ |) (2)
for all (x, ξ, η) ∈R3n, all multi-indices α, β , and γ, and some positive constants Cαβγ . We
call σ a forbidden symbol if it satisfies the condition (2) with ρ = δ = 1 and m= 0, i.e., σ
belongs to the class BS 01,1. Several authors in the literature refer to the forbidden symbols
as exotic symbols. The former terminology is borrowed from Stein’s book [11].
Coifman and Meyer [5–7] have shown that one can reduce the problem to the study of
pseudodifferential operators with elementary bilinear symbols of the form
σ(x, ξ, η)=
∞∑
j=0
mj(x)ψ(2−j ξ,2−j η), (3)
such that ‖∂αmj‖L∞  Cα2jα and suppψ ⊆ {1/3  max(|ξ |, |η|)  1}. Note that, since
ψ(2−j ·,2−j ·) have only finitely many overlapping supports, the sum considered in (3) is
convergent. Furthermore, we can restrict our attention to elementary bilinear symbols of a
very particular form, namely
σ = σ1 + σ2 + σ3,
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σk(x, ξ, η)=
∞∑
j=0
mj(x)ϕk(2−j ξ)χk(2−j η), k = 1,2,3. (4)
Here, suppϕ1 is contained in a certain annulus, suppχ1 is contained in a certain ball,
suppϕ3 is contained in a ball and suppχ3 is contained in an annulus, while both suppϕ2
and suppχ2 are contained in certain annuli. We can take for example suppϕ1 ⊆ {1/4 
|ξ | 2}, suppχ1 ⊆ {|η| 1/8}, in the supports of ϕ3, χ3 the roles of ξ and η are reversed,
while suppϕ2 ⊆ {1/20 |ξ | 2} and suppχ2 ⊆ {1/20 |η| 2}; for further details, see
[2,7]. It is important to note that this reduction to elementary symbols yields results about
general symbols only if we can prove that the estimates on the norms of the operators Tσk
depend solely on the functions ϕk,χk and their derivatives up to a certain order. This will
be the case for all the estimates involved in the main results. In the proofs of our main
results we will work with these particular elementary bilinear symbols.
Let us now recall the definitions of Lipschitz and Besov spaces, and point out a few
important facts about them. We denote by Lp = Lp(Rn) the classical Lebesgue spaces
of measurable functions whose modulus to the pth power is integrable, with the usual
modification when p =∞. For 0 < p, s ∞ and arbitrary real t, the (nonhomogeneous)
Besov spaces Bt,sp are defined by the quasi-norms
‖f ‖Bt,sp =
(∑
ν1
(
2νt‖f ∗ ϕν‖Lp
)s)1/s + ‖f ∗ φ‖Lp, (5)
where ϕ,φ ∈ S are fixed functions such that ϕˆ(ξ) is supported in the annulus {1/2 |ξ |
 2} and ϕˆ(ξ) is bounded away from zero on the smaller annulus {3/5 |ξ | 5/3}, while
φˆ(ξ) is supported on the ball {|ξ |  2} and bounded away from zero on the smaller ball
{|ξ | 5/3}. Here ϕν(x)= 2νϕ(2νx). An obvious modification must be made in (5) when
s =∞. The Lipschitz spaces Λt ≈ Bt,∞∞ , t > 0. In other words, we say that a function f
belongs to Λt if there exists a positive constant A such that
‖f ‖L∞ A and ‖f ∗ ϕν‖L∞ A2−νt , ν  1. (6)
The smallest A in the previous inequalities defines the norm in the space Λt . When 0 <
t < 1, this definition is equivalent with the usual one involving a Lipschitz type condition;
see, e.g., [11, pp. 256–257]. A few important embedding results are the following:
Bt1,sp ↪→ Bt2,sp , 0 < t2 < t1, p, s > 0,
Bt,s1p ↪→ Bt,s2p , 0 < s1 < s2, p, t > 0,
Bt1,∞p ↪→ Bt2,sp , 0 < t1 < t2, p, s > 0. (7)
Also, B0,min(p,2)p ↪→ Lp , p  1, and in particular, Bt,sp ↪→ Lp for all t, s > 0, p  1. For
further details on the relation between Besov spaces and other classical function spaces,
see [8,9,12].
We conclude this section by pointing out a useful characterization of the spaces Bt,∞p
in terms of approximations by smooth functions.
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position
f =
∞∑
ν=0
fν (8)
with
‖∂αx fν‖Lp Aα2−νt2ν|α| (9)
for all 0 |α| l, where l is the smallest integer strictly larger than t .
Remark 1. In particular, if we let p =∞ in Proposition 1, we obtain the characterization
of Lipschitz spaces Λt given, e.g, in [11, p. 256]. The other cases when 1 p <∞ can be
found in [1].
3. The main results
Our boundedness results for the bilinear forbidden class are stated and proved below.
Theorem 1. Let T be a bilinear pseudodifferential operator with symbol in the forbidden
class BS01,1. Then T can be extended as a bounded operator
(a) from B0,min(r,1)p ×B0,min(r,1)q into Lr , for all 1 p,q <∞, r > 0, 1/p+ 1/q = 1/r;
(b) from Bt,∞p × Bs,∞q into Bmin(s,t),∞r , for all 1 < p,q, r ∞, r  1, 1/p+ 1/q = 1/r
and s, t > 0.
Proof. It is enough to prove these boundedness results for T = Tσ , where σ is an elemen-
tary bilinear symbol of the form σ = σ1 + σ2 + σ3, where
σk(x, ξ, η)=
∞∑
j=0
mj(x)ϕk(2−j ξ)χk(2−j η), k = 1,2,3.
Recall that ϕ1, ϕ2, χ2, χ3 are band pass filters, while χ1, ϕ3 are low pass filters; see (4). For
f,g ∈ S , we can write
T (f,g)= Tσ1(f, g)+ Tσ2(f, g)+ Tσ3(f, g).
We have
Tσk (f, g)=
∞∑
j=0
mjfjkgjk, k = 1,2,3,
where fjk = (ϕˇk)j ∗ f,gjk = (χˇk)j ∗ g. Here (u)j (x)= 2ju(2j x).
(a) We consider first the case r  1. Let f ∈ B0,1p and g ∈ B0,1q . Using the definition of
Besov spaces (5), we have
∞∑
‖fj2‖Lp <∞,
∞∑
‖gj2‖Lq <∞.
j=0 j=0
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∥∥Tσ2(f, g)∥∥Lr 
∞∑
j=0
‖mj‖L∞‖fj2‖Lp‖gj2‖Lq
C
( ∞∑
j=0
‖fj2‖2Lp
)1/2( ∞∑
j=0
‖gj2‖2Lq
)1/2
 C‖f ‖
B
0,2
p
‖g‖
B
0,2
q
.
For Tσ1 and Tσ3 we proceed essentially the same way, obtaining the estimates∥∥Tσ1(f, g)∥∥Lr C‖f ‖B0,1p ‖g‖Lq , ∥∥Tσ3(f, g)∥∥Lr  C‖f ‖Lp‖g‖B0,1q .
It is worth mentioning that the estimate obtained for Tσ2 does not hold for Tσ1 or Tσ3 since
the latter terms contain only one Littlewood–Paley function each. Note also that, due to the
embeddings between Lebesgue and Besov spaces, pointed out at the end of Section 2, the
Lp , respectively, Lq norms of f and g are controlled by the corresponding Besov norms in
B
0,1
p and B0,1q . A similar control applies to the B0,2p and B0,2q norms of f , respectively, g;
see (7).
When 0 < r < 1, the triangle inequality does not apply anymore. However, we can still
write,
‖Tσ2‖rLr 
∞∑
j=0
‖mjfj2gj2‖rLr  C
( ∞∑
j=0
‖fj2‖rLp
)( ∞∑
j=0
‖gj2‖rLq
)
,
i.e., ‖Tσ2‖Lr C‖fj2‖B0,rp ‖gj2‖B0,rq . Similar estimates can be obtained for Tσ1 and Tσ3 . If
we combine the estimates obtained for the operators Tσk , k = 1,2,3, we get the desired
boundedness of the operator T .
(b) We will show that if f ∈ Bt,∞p , g ∈ Bs,∞q then Tσk (f, g) ∈ Bmin(s,t),∞r , k = 1,2,3.
We have
∥∥∂αx (mjfj2gj2)∥∥Lr =
∥∥∥∥ ∑
|β|+|γ ||α|
cαβγ ∂
β
x mj ∂
γ
x fj2∂
α−β−γ
x gj2
∥∥∥∥
Lr
 Cα
∑
|β|+|γ ||α|
∥∥∂βx mj∥∥L∞∥∥∂γx fj2∥∥Lp∥∥∂α−β−γx gj2∥∥Lq
 Cα
∑
|β|+|γ ||α|
2j |β|2j |γ |2−j t2j (|α|−|β|−|γ |)2−js
 Cα2j |α|2−j (t+s). (10)
Similarly, we get∥∥∂αx (mjfj1gj1)∥∥Lr  Cα2j |α|2−j t , ∥∥∂αx (mjfj3gj3)∥∥Lr  Cα2j |α|2−js . (11)
In inequalities (10), (11) we can replace on the right-hand side 2−j (t+s), 2−j t , and 2−js
with 2−j min(s,t). Use now the characterization of Besov spaces pointed out in Proposition 1
to complete the proof. ✷
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daud [4], respectively, Stein [11], in the linear case.
Corollary 1. If T is a bilinear pseudodifferential operator with symbol in the forbidden
class, then T is bounded from B0,1p ×B0,1q into Lr for all 1 p,q, r <∞, 1/p+ 1/q =
1/r , and from Λt ×Λs into Λmin(t,s) for all s, t > 0.
It is well known that, in the linear case, pseudodifferential operators with forbidden
symbols are bounded on all Besov spaces Bt,sp ; see [3]. In the case of Triebel–Lizorkin
spaces and for certain values of p, s, and t , this result was first obtained by Runst [10]. In
the following theorem, we give a possible bilinear extension of the result in [3].
Theorem 2. Let T be a bilinear pseudodifferential operator with symbol in the forbid-
den class BS 01,1. Then T can be extended as a bounded operator from Bt1,sp × Bt2,sq into
B
min(t1,t2),s
r for all 1 p,q, r ∞, 1/p+ 1/q = 1/r , and t1, t2, s > 0.
Proof. It is enough to restrict our attention to bilinear pseudodifferential operators having
elementary symbols of the very particular form (4). We refer to the notation used in the
proof of Theorem 1.
Let f ∈ Bt1,sp and g ∈ Bt2,sq . We will show that Tσk (f, g) ∈ Bmin(t1,t2),sr for k = 1,2,3.
Let t1  t2, i.e., min(t1, t2)= t1. We have
Tσ1(f, g)=m0f01g01 +
∞∑
j=1
mjfj1gj1.
Note that, from Hölder’s inequality, we obtain
‖m0f01g01‖Lr  C‖f01‖Lp‖g01‖Lq  C‖f ‖Lp‖g‖Lq (12)
and
∞∑
j=1
2jst1‖mjfj1gj1‖sLr  C
∞∑
j=1
2jst1‖fj1‖sLp‖gj1‖sLq
 C
( ∞∑
j=1
2jst1‖fj1‖sLp
)(
sup
j
‖gj1‖Lq
)s
 C‖f ‖s
B
t1 ,s
p
‖g‖sLq .
Thus, we get∥∥Tσ1(f, g)∥∥Bt1,sr  C‖f ‖Bt1,sp ‖g‖Lq . (13)
Similarly, we have∥∥Tσ3(f, g)∥∥Bt1,sr  C‖f ‖Lp‖g‖Bt2 ,sq . (14)
For Tσ2 we proceed analogously, obtaining the estimate∥∥Tσ2(f, g)∥∥ t1+t2,s  C‖f ‖ t1,s‖g‖ t2 ,s . (15)Br Bp Bq
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g are controlled by the corresponding Besov norms, from (13)–(15) we get the required
boundedness for T . ✷
Remark 2. As an immediate consequence of Theorem 2 and embeddings (7), we also ob-
tain the boundedness from Bt1,s1p ×Bt2,s2q into Bmin(t1,t2),min(s1,s2)r for all 1 p,q, r ∞,
1/p + 1/q = 1/r , and t1, t2, s1, s2 > 0, and also from Bt1,s1p × Bt2,s2q into Bt,sr for all
0 < t < min(t1, t2) and s1, s2, s > 0.
Remark 3. It is interesting to note in this context that the bilinear pseudodifferential opera-
tors with symbols in the class BS01,δ , 0 δ < 1, can be extended as bounded operators from
Lp ×Lq into Lr for 1 < p,q <∞, 1/p+ 1/q = 1/r . This result is essentially contained
in [7].
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